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Notations and definitions

� (Γ, c, ν) a weighted network
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Notations and definitions

� (Γ, c, ν) a weighted network

• Γ a simple connected graph

• c ∈ C(V × V ) symmetric and c(x, y) > 0 iff x ∼ y

• ν ∈ C(V ) ν(x) > 0, x ∈ V
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Notations and definitions

� (Γ, c, ν) a weighted network

� If u ∈ C(F ): ||u||1,ν =

∫

F

|u|ν dx ||u||2,ν =

(
∫

F

u2ν dx

)
1
2

Aveiro Workshop on Graph Spectra – p. 2/18



Notations and definitions

� (Γ, c, ν) a weighted network

� If u ∈ C(F ): ||u||1,ν =

∫

F

|u|ν dx ||u||2,ν =

(
∫

F

u2ν dx

)
1
2

� If F ⊂ V : volν(F ) = ||χF ||1,ν volc(∂F ) =

∫

δ(F c)×δ(F )

c(x, y) dxdy

F

d(F)

d(Fc)
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Cheeger constant

• Cheeger constant:

hν,c(Γ) = inf

{

volc(∂F )

volν(F )
; 0 < volν(F ) ≤ volc(V )/2

}
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Cheeger constant

• Cheeger constant:

hν,c(Γ) = inf

{

volc(∂F )

volν(F )
; 0 < volν(F ) ≤ volc(V )/2

}

X Isoperimetric number: c(x, y) = 1 and ν = 1
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Cheeger constant

• Cheeger constant:

hν,c(Γ) = inf

{

volc(∂F )

volν(F )
; 0 < volν(F ) ≤ volc(V )/2

}

X Isoperimetric number: c(x, y) = 1 and ν = 1

X Cheeger constant: c(x, y) = 1 and ν = k
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Cheeger constant

• Cheeger constant:

hν,c(Γ) = inf

{

volc(∂F )

volν(F )
; 0 < volν(F ) ≤ volc(V )/2

}

X Isoperimetric number: c(x, y) = 1 and ν = 1

X Cheeger constant: c(x, y) = 1 and ν = k

X Weighted Cheeger constant: ν(x) =
∑

y∼x

c(x, y)
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Laplacian and normal derivative

� The Laplace operator of (Γ, c, ν), L : C(V ) −→ C(V )

L(u)(x) =
1

ν(x)

∫

V

c(x, y) (u(x) − u(y)) dy, x ∈ V
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Laplacian and normal derivative

� The Laplace operator of (Γ, c, ν), L : C(V ) −→ C(V )

L(u)(x) =
1

ν(x)

∫

V

c(x, y) (u(x) − u(y)) dy, x ∈ V

� The conormal derivative of u ∈ C(F̄ ),

∂u

∂ηF

(x) =
1

ν(x)

∫

δ(F c)

c(x, y) (u(x) − u(y)) dy, x ∈ δ(F )
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Laplacian and normal derivative

� The Laplace operator of (Γ, c, ν), L : C(V ) −→ C(V )

L(u)(x) =
1

ν(x)

∫

V

c(x, y) (u(x) − u(y)) dy, x ∈ V

� The conormal derivative of u ∈ C(F̄ ),

∂u

∂ηF

(x) =
1

ν(x)

∫

δ(F c)

c(x, y) (u(x) − u(y)) dy, x ∈ δ(F )

� Green’s identity, u, v ∈ C(F̄ )

∫

F

vLu ν dx−
∫

F

uLv ν dx =

∫

δ(F )

u
∂v

∂nF

ν dx−
∫

δ(F )

v
∂u

∂nF

ν dx,
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How to bound ?

� Take v = χF in Green’s Identity

−
∫

F

Lu =

∫

F×F c

c(x, y)(u(y) − u(x))
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How to bound ?

� Take v = χF in Green’s Identity

−
∫

F

Lu =

∫

F×F c

c(x, y)(u(y) − u(x))

• Equilibrium measure of F

LγF (x) = 1, x ∈ F

γF (x) = 0, x ∈ F c
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Bounds on Cheeger constant

volν(F ) =

∫

F

LγFν dx = −
∫

δ(F )

∂γF

∂nF

ν dx

=

∫

δ(F )×δ(F c)

c(x, y)γF (y)dxdy

≤ volc(∂F ) γF
M

• γF
M = max

{

γF (x); x ∈ δ(F c)
}

• γF
m = min

{

γF (x); x ∈ δ(F c)
}
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Bounds on Cheeger constant

=⇒ volc(∂F )γF
m ≤ volν(F ) ≤ volc(∂F )γF

M

=⇒ With equality iff γF is constant on δ(F c)
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Bounds on Cheeger constant

=⇒ volc(∂F )γF
m ≤ volν(F ) ≤ volc(∂F )γF

M

=⇒ With equality iff γF is constant on δ(F c)

min
F⊂V

vol(F )≤
vol(V )

2

min
x∈δ(F c)

{

1

γF (x)

}

≤ h(Γ) ≤ min
F⊂V

vol(F )≤
vol(V )

2

max
x∈δ(F c)

{

1

γF (x)

}
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Bounds on Cheeger constant

=⇒ volc(∂F )γF
m ≤ volν(F ) ≤ volc(∂F )γF

M

=⇒ With equality iff γF is constant on δ(F c)

=⇒ h(Γ) = min



















∫

δ(F )

∂χF

∂ηηηF

dν

∫

δ(F )

∂γF

∂ηηηF

dν

; 0 < volν(F ) ≤ volν(V )/2


















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Some examples

X The path on n vertices Pn : F = {x1, . . . , xs}
F

x
1

x
s

◦ γF (xj) =











js − j(j − 1)

2
if k(xs) = 1

js − j(j − 1)

2
if k(xj) = 2

◦ γF
M = γF

m = s or γF
M = γF

m = s/2

=⇒h(Pn) = min{1/s, s = 1, · · · , ⌊n/2⌋} = 1/⌊n/2⌋
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Some examples

X The infinite k-regular tree Tk:

B1

◦ γBr(x) =
|Br|

2(k − 2) + |Br|
, |x| = r

◦ h(Tk) = k − 2
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Some example

X The n-cube Qn: |∂F | ≥ log2

(

2n

|F |

)

|F |

F
◦ γBr(x) =

|Br(y)|
|∂Br(y)| =

(

n

0

)

+ . . . +
(

n

r

)

(

n

r

)

(n − r)
, |x| = r

◦ F = Qn−1, γF = χF and h(Qn) = 1
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Some example

X The lattice Zn, n ≥ 2: |∂F | ≥ |F | 2n
n

√

|F |

F

◦ γB1(x) =
2n + 1

2n(2n − 1)
, |x| = 1

◦ γB2(y)(x) =



















4n2 + 2n + 3

2n(4n2 − 6n + 3)
, if |x − y| =

√
2

4n2 − 2n + 3

2n(4n2 − 6n + 3)
, if |x − y| = 2

◦ 2n(4n2 − 6n + 3)

4n2 + 2n + 3
≤ |∂B2(y)|

|B2(y)|

◦ 2n
n
√

2n(n + 1) + 1
≤ |∂B2(y)|

|B2(y)|
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Eigenvalues BVP

• F ⊂ V, δ(F ) = H1 ∪ H2, H1 ∩ H2 = ∅:

L(u)(x) = λu(x), if x ∈ F
∂u

∂nF

(x) = 0, if x ∈ H1

u(x) = 0, if x ∈ H2
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Eigenvalues BVP

• F ⊂ V, δ(F ) = H1 ∪ H2, H1 ∩ H2 = ∅:

L(u)(x) = λu(x), if x ∈ F
∂u

∂nF

(x) = 0, if x ∈ H1

u(x) = 0, if x ∈ H2

λ(F, H1, H2) = min
u∈C(F∪H1)

u 6=0















∫

F

uLu ν dx
∫

F

u2ν dx
:

∂u

∂nF

= 0 on H1 a

∫

F

uν dx = 0















a = 1 if H2 = ∅ Neumann and Poisson problems

a = 0 otherwise
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Poisson eigenvalues

� Neumann problem can be reduced to a Poisson problem
on a new network
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Poisson eigenvalues

L(u)(x) = λ u(x), if x ∈ V
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Poisson eigenvalues

L(u)(x) = λ u(x), if x ∈ V

λ(Γ) = min
u∈C(V )

u 6=0















∫

V

uLu ν dx
∫

V

u2ν dx

:

∫

V

uν dx = 0














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Poisson eigenvalues

L(u)(x) = λ u(x), if x ∈ V

λ(Γ) = min
u∈C(V )

u 6=0















∫

V

uLu ν dx
∫

V

u2ν dx

:

∫

V

uν dx = 0















=⇒ If γx is the equilibrium measure for the set V \ {x}, then

min
x∈V

{

volν(V )

||γx||1,ν

}

≤ λ(Γ) ≤ min
x∈V

{

volν(V )||γx||1,ν

volν(V )||γx||22,ν − ||γx||21,ν

}
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Poisson eigenvalues: sharpness

• The path Pn: λ(Γ) = 2 − 2 cos
(

π
n

)

∼ π2

n2

6

(n − 1)(2n − 1)
≤ λ(Γ) ≤ 30

(n + 1)(2n + 1)
, n ≥ 2
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Poisson eigenvalues: sharpness

• The bar-bell Bn, n = 6k − 1: λ(Γ) ∈ O(n−2)

x
0

x
1

x 
1

x
k

x  k

2k2k

81

7n2
∼ λ(Γ) ∼ 2835

178n2
, n ≥ 23
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Poisson eigenvalues: sharpness

• The dum-bell Dn, n = 2k: λ(Γ) ∈ O(n−1)

kk

4n

5n2 − 4n − 8
≤ λ(Γ) ≤ 4n(n2 + 32n − 64)

n4 + 32n − 64
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Some examples

• Distance regular graph

|V |
D−1
∑

j=0

(|V |−|Bj |)2

|∂Bj |

≤ λ(Γ) ≤
|V |

D−1
∑

j=0

(|V |−|Bj |)
2

|∂Bj |

D−1
∑

j=0

|Bj | (|V |−|Bj |)3

|∂Bj |2
+ 2

∑

0≤i<j≤D−1

|Bi| (|V |−|Bi|)(|V |−|Bj |)2

|∂Bi||∂Bj |
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Dirichlet Eigenvalues

L(u)(x) = λ u(x), if x ∈ F

u(x) = 0, if x ∈ δ(F )
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Dirichlet Eigenvalues

L(u)(x) = λ u(x), if x ∈ F

u(x) = 0, if x ∈ δ(F )

λd(F ) = min
u∈C(F )

u6=0















∫

F

uLu ν dx
∫

F

u2ν dx














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Dirichlet Eigenvalues

L(u)(x) = λ u(x), if x ∈ F

u(x) = 0, if x ∈ δ(F )

λd(F ) = min
u∈C(F )

u6=0















∫

F

uLu ν dx
∫

F

u2ν dx















=⇒ If γF is the equilibrium measure for F

min
x∈F

{

1

γF (x)

}

≤ λd(F ) ≤ ||γF ||1,ν

||γF ||22,ν
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Some examples

•Pn+2, ν = 2 · 1 γF (xi) =
i(n + 1) − i2

2
, i = 1, . . . , n

F

x
1 x

n

x
0 x

n+1
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Some examples

•Pn+2, ν = 2 · 1 γF (xi) =
i(n + 1) − i2

2
, i = 1, . . . , n

F

x
1 x

n

x
0 x

n+1

λd(F ) = 2 − 2 cos

(

π

n + 1

)

∼ π2

(n + 1)2

2
⌈

(n + 1)2

4

⌉ ≤ λd(F ) ≤ 10

(n + 1)2 + 1
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Some examples

• Distance regular graph

1
r
∑

s=0

|Bs|
|∂Bs|

≤ λd(Br) ≤

r
∑

i=0

ki

r
∑

s=i

|Bs|
|∂Bs|

r
∑

i=0

ki

(

r
∑

s=i

|Bs|
|∂Bs|

)2
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