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Notations and definitions

B ([, c v)aweighted network

. Aveiro Workshop on Graph Spectra —p.2s



Notations and definitions

B ([, c v)aweighted network

e [ asimple connected graph

o cc(C(V xV)symmetricand c(xz,y) > 0iff x ~ y
e velC(V)v(z) >0,z eV
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Notations and definitions

B ([, c v)aweighted network

W IfucC(F): ||u|yl,V:/ updz |[ulls, = (/ uQVda:)
F F

1
2
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Notations and definitions

B ([, c v)aweighted network

W IfucC(F): ||uH1,V:/ updz |[ulls, = (/ uzuda})
F F

B IfFCVivol,(F)=||xrll1,, Vol.(OF)= / c(x,y) dxdy
O(Fe)xd(F)

1
2

8 o -~ 5(F)
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Cheeger constant

e Cheeger constant:

vol.(OF)

hy,(I') = inf { vol, (F)

;0 < vol,(F) < voIC(V)/Z}
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Cheeger constant

e Cheeger constant:

vol.(OF)
vol,, ()

hy,(I') = inf { ;0 < vol,(F) < voIC(V)/Q}

v' Isoperimetric number: ¢(z,y) =1and v =1
v’ Cheeger constant: c(z,y) =1and v =k

v" Weighted Cheeger constant: v(z) = > c(z,y)

Yy~x
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Laplacian and normal derivative

B The Laplace operator of (I', ¢, v),

L(u)(z) = —— / () (u(2)

L:C(V)—C(V)

—u(y))dy, xe€V
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Laplacian and normal derivative

B The Laplace operator of (I',c,v), L:C(V) — C(V)

L(u)(z) = —— / (z,y) (u(z) — u(y))dy, z€V

B The conormal derivative of u € C(F),

ou 1
()= a7 ) () —u) . @ € 6
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Laplacian and normal derivative

B The Laplace operator of (I',c,v), L:C(V)— C(V)

L(u)(z) = —— / (z,y) (u(z) — u(y))dy, z€V

B The conormal derivative of u € C(F),

ou 1
()= a7 ) () —u) . @ € 6

B Green’s identity, u,v € C(F)

/v[,uuda:—/ u[,vud:v:/ uﬁudx—/ vﬁudx
F F 5(F) dng 5(F) onp
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How to bound ?

B Take v = xr In Green’s ldentity

N / Lo = / cay)uly) — u@)

. Aveiro Workshop on Graph Spectra —p. 5/



How to bound ?

B Take v = xr In Green’s ldentity

N / Lo = / cay)uly) — u@)

e Equilibrium measure of I
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Bounds on Cheeger constant

vol,, ( /[/y vdr = — / %Vdm

- / (z, y)y" (y)dady
d(F)xd(Fe)
< vol.(OF) v3;

e i = max {’)/F(CU); x € 5(Fc)}
e v = min {’)/F(ZIS); x € 5(Fc)}
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Bounds on Cheeger constant

—> Vol (AF)yE < vol,(F) < vol.(OF)%,

—  With equality iff v* is constant on §(F°)
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Bounds on Cheeger constant

— vol.(AF )7L < vol,(F) < vol.(OF )i

—  With equality iff v is constant on §(F°)

. 1 . 1

min min { F )} < h(I) < min  max { F(2)
C S(F¢ €T C F'c xr

voI(F)SVOl(QV) x€d(Fc) Y voI(F)SVOIgV) TEH(F°) Y
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Bounds on Cheeger constant

—> Vol (AF)yE < vol,(F) < vol.(OF)%,

—  With equality iff v is constant on §(F°)

(/ aX_Fd,/ \
9
— h(T) = min { 22&) a"? . 0 < vol, (F) < vol, (V)/2 §
/ Ldy
| Js(r) ONp )
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Some examples

v' The path on n vertices P, : F ={xy,..., 1.}

__________
- b B

-~
- -
N e e —m-—-——

o
js— U =Y itpm) =1
0 7" (;) = i
] . .
js—j(G—1)
oV =Vm =8 Or i =7k =5/2

—h(P) =min{l/s,s =1,---, [n/2|} = 1/|n/2]
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Some examples

v' The infinite k-regular tree 7}:

| ! o ¥ (z) =

B |
2k —2) + |B,|

]

o h(Ty) =k —2
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Some example
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Some example

v’ The lattice 2™, n > 2: |0F| > |F|

O

------------- F
~
A}
- = ®------
________

2 _
2n(4n® — 6n+3) _

4n?2 +2n + 3

2n

2n
VIF]
2n + 1
B1 — =1
° @) 2n(2n — 1)’ =
([ 4An?+2n+3 oo

2n(4n? — 6n + 3)’

4n? — 2n + 3
| 2n(4n? — 6n + 3)’

V2n(n+1)+1 ~

if |2 —y|
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Eigenvalues BVP

.FCV,(S(F):HlLJHQ, Hlﬂng(Z):

L(u)(x) = u(x), fzeF
0 .

%(x):o, if v € Hy

u(x) =0, if v € Hy
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Eigenvalues BVP

.FCV,d(F):HlLJHQ, HlﬂHQZQ:

L(u)(x) = u(x), fzeF
0

ou .

—(x) =0, if x € Hy

5’nF

u(x) =0, if v € Hy
(
/u[,uyd:c 5
MNF,Hy, Ho) = CmFinH § L : a—:Oon Hy a/uudx:
=l /u2yda: e o

\ F

a = 1 if Hy = () Neumann and Poisson problems

a = 0 otherwise
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Poisson eigenvalues

B Neumann problem can be reduced to a Poisson problerr
on a new network
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Poisson eigenvalues

L(u)(z) =Au(x), ifxeV
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Poisson eigenvalues

A(l') = min <

ueC(V)

= Au(x), ifx eV

)
/ uwLuvdx
v

u7#0

/ wlvdz
. JV

:/uuda:20>
1%
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Poisson eigenvalues

= Au(x), ifx eV

)
/ uwLuvdx
v

eV

H%:‘ ‘1,1/

|
. { ’m} < A(D) < m{ | :
0 Yol (VeI — [T

<
/ w’vdx
. JV

— If ~, is the equilibrium measure for the set V' \ {z}, ther

:/uuda:20>
1%

/

vol, (V) |[7all1. }
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Poisson eigenvalues: sharpness
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Poisson eigenvalues: sharpness

2k 2k
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Poisson eigenvalues: sharpness

e The dum-bell D,,,n = 2k: \(T') € O(n™ 1)
k k
in An(n? + 32n — 64)
5n2—4n—8§)\(F)S n* + 32n — 64
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Some examples

e Distance regular graph

%> ('V|'5£Bf')2
R <||xZ| 1B, )2 =MD = 55 1B, ([V]=|B,])? N |Bil (IVI=B:)(IVI=|B;])?
2. “Tem| 2. TemE - T2 T —pEnes
7=0 7=0 0<i:<y<D-1
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Dirichlet Eigenvalues

L(u)(x) = u(z), frxrelF
u(x) =0, if z € 0(F)
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Dirichlet Eigenvalues

L(u)(x) = u(z), frxrelF
u(x) =0, if z € 0(F)

/u[,uudx
A¢(F) = min L

ueC(F)
u£0 / w?v dx
r
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Dirichlet Eigenvalues

L(u)(x) = u(z), frxrelF
u(x) =0, if z € 0(F)

/u[,uudx
Aa(F') = mi =

ueC(F)
u£0 / w?v dx
r

— If v*" is the equilibrium measure for I

1 Il
min{ }S)\d(F)< 77l

el | () — I,
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Some examples

. Aveiro Workshop on Graph Spectra —p. 171



Some examples
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Some examples

e Distance regular graph
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